Blade tip losses represent a major efficiency penalty in a turbine rotor. These losses are presently controlled by maintaining close tolerances on tip clearances. This twopart paper outlines a new methodology for predicting and minimizing tip flows, and focuses on the control of tip leakage through minimization of the discharge coefficient to control the normal leakage flow component. Minimization of the discharge coefficient was achieved through viscous analysis and was supported by discharge-rig testing. The analysis for the discharge cross-flow used a stream function-vorticity formulation. Support testing was conducted with a newly developed water table discharge rig in which tip-coolant discharge could also be simulated. Experimental and numerical tip-leakage results are presented on a discharge coefficient parameter for five different tip configurations. In addition, numerical studies were conducted for stationary and rotating blades with and without tip coolant injection.
of this paper described an approach in which a balance of pressure and convection was found to dominate rotor-tip leakage. The flow was such that viscous effects were reduced, creating separations and reattachments. It was determined that the rotor tip could be modeled as a special orifice, and that even though streamwise momentum becomes nearly uncoupled during the leakage process, it is preserved across the gap.
The decoupling of streamwise and leak momentum i mplies that a low-leakage tip may be designed through consideration of the flow normal to the camberline. In Part I of this paper, two discharge rigs were described that measured the discharge coefficient of the normal flow component and steps were taken to determine an optimum rotor tip. In this paper, the decoupling principle was applied to the design of new flow-control configurations as part of a product improvement program. The key design element was the discharge coefficient; therefore, this study included the development of a 2-dimensional viscous analysis for the perpendicular flow components, which was calibrated through a corresponding series of flow tests. A new singleside discharge rig was designed which has the added capability of rotor-tip discharge.
NUMERICAL ANALYSIS

Governing Equations
The basic incompressible-flow equations used are the vorticity transport equation in conservation form: a w at 
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As suggested by Roache (2) , Equation (1) was left in its unexpanded form, although the term 7•(/(.0) could be reduced to V 7w by using the incompressible continuity equation.
Proper finite differencing would then result in a conservative system( 3 ).
Finite-Difference Approximation
The velocity components were obtained from the wR 2 = stream-function distribution by central differencing using unequal step sizes.
The vorticity was then advanced in time, as
The Poisson equation for the stream function with the updated vorticity source term is solved using optimized successive over-relaxation by:
where an upwind difference form (4 ' 5) of the advection h . The parabolic equation for the vorticity was solved by explicitly marching-in-time from an initial condition, with the steady-state solution attained as an asymptotic time solution. At each time step, the elliptic stream-function equation was iteratively solved using an optimized successive over-relaxation (OSOR) method. During the numerical experiments, the OSOR parameter,co o , was determined to be 1.75. For the Poisson equation, the iterative solution was not allowed to proceed more than ten iterations for the first hundred time steps, as the transient solution was of no practical importance for leakage analysis.
Mesh-Generation and Coordinate-Stretching Functions
As shown in Figure 1 , a linear-coordinate stretching function was used to obtain nonuniform spacing of the grid in the x and y directions with the mesh concentrated near the tip pressure and suction sides and on any other corners (i.e., winglet, squealer tip, etc.), and in the clearance region.
Sharp gradients required more mesh points within the tip clearance and near the sharp corners and solid boundaries. Upstream and downstream of the blade tip, the gradients were not large enough to warrant a closely spaced mesh. Therefore, large spatial steps were used in these regions. The size of the mesh typically consisted of 61 by 41 nodes. The minimum values of Lx and 6y (near corners or walls where sharp gradients exist) were 0.5 and 0.1, respectively.
Convergence Criteria and Error Analysis
Based on a stability analysis, ihe critical time step to avoid dynamic instability (Roache ) was 0.01 for calculations of Reynolds numbers between 400 to 10,000.
The criteria used to determine convergence for the solution of q at each time step and the asymtotic steadystate solution of co were studied in detail. The criteria adopted was to limit fractional changes of w to 0.001 and changes of tfr to 0.0001.
The truncation error in the upwind-difference formulation of the advection terms for co= constant was:
Within the clearance gap, h = hi = h2 and e = zero, while far upstream and downstream of the blade, e is typically of order 10 -4 .
Boundary Conditions
A major part of the present work involved the development of realistic, accurate, and stable boundary conditions.
Along the shroud end wall and the blade walls (Figure 1 ), the boundary conditions specified are no slip, thus allowing specification of tip speed through a relative wall translation. Along the inflow and outflow boundaries, a radial potential flow solution was implemented. The validity of this boundary condition was based on the assumption that the inflow and outflow boundaries were "far" upstream and downstream from the viscous region within the tip clearance space.
The boundary conditions for tip-coolant discharge on PQ was produced by a parabolic velocity distribution. The leakage was specified by the stream function increment -q'p = At//, the injection angle/3, and the peak injection velocity.
Regardless of the wall orientation or the boundary value of 'Ii, the wall vorticity on all stationary walls (CD, DP, QE, EF) without mass injection is:
where An was the normal distance from the wall node to the adjacent node. This first-order form was determined by Thom( 6 2 7 ) and has been extensively used in other research. For the shroud, the vorticity was determined as:
Along the surface of tip discharge, the vorticity was computed by:
where ax was determined from the distribution of tir across the tip injection area. Based on the original idea of Thoman and Szewczyk (8) , the boundary condition K o, 0 was imposed on the vorticity at the inflow and outflow boundaries. Other vorticity conditions (Roache2) were investigated in detail; numerical experimentation suggested that the above Neumann condition gave the best results. A number of alternatives are available in the open literature( 2 , 9 ) for the treatment of vorticity at a sharp corner. Two of these alternatives were numerically investigated in detail. Both were first-order formulations for the corner vorticity, consistent with the wall Equation (8) . Referring to the corner point D in Figure 1 and defining the node as (ic, jc), the wall equation applied to the upstream wall gave:
If applied to the downstream side, the wall equation yielded:
This method produces two values of the corner vorticity. When the vorticity was used in a difference equation about node (ic-1, jc), the corner vorticity is set equal to WU. Similarly, when the vorticity was used in a difference equation about node (ic, jc-1), the corner vorticity was set equal to cop. The other method studied attempted to force separation at a sharp corner by specifying al) = 0. This separation model was subsequently studied for a pressure-side cut on the blade tip ( Figure 3) . The results implied that the model is incapable of forcing any corner separation along the pressure-surface cut. Hence, it is preferable to use the discontinuous values of the corner vorticity, and to let the separation develop as a part of the numerical solution.
Discharge Coefficient and Pressure Solution
For a specified value of the inlet mass flow, the pressure drop across the width of the tip was computed, from which the discharge coefficient was calculated. Several definitions of the discharge coefficient were considered in the analysis. The definition determined to be most suitable was: The finite-difference approximation to f 2 was obtained using second-order central difference formula for unequal node spacing. The f 1 in Equation (13b) was differenced to be compatible with the quadrature formula used. The pressure was obtained using the trapezoidal rule.
The total pressure gradients could also be obtained from the vorticity values (see Ghia 10 et al) as:
Using central differences to compute the derivatives in Equation (14), the total pressure along the path P 1 P 2 ( Figure 1 ) was obtained using the same quadrature formula as before. The results for the static pressure using Equation (14) are in excellent agreement with those obtained using Equation (13) .
EXPERIMENTAL INVESTIGATION
As discussed in Part I of this paper, the flow conditions near a typical turbine rotor tip are such that a scaled test could be performed on a simplified water-table test rig. This test could be designed to reproduce the critical nondimensional groups (Reynolds number, pressure drop scaled to dynamic head, geometric ratios, etc.).
The double-side discharge rig developed for the first test series in Part I of this paper was designed around a system of four Venturis. Once the through-flow had been determined, gap leakage flow could be inferred through subtraction. This data acquisition technique places stringent constraints on the level of permissible error in each Venturi measurement. Using this technique, the leakage flow levels approached the error tolerance band.
To overcome this, a new test rig was designed with a primitive but accurate measurement capability for leakage flow. The results obtained in Part I of this two-part paper showed that the suction-side velocity had a second-order effect on leakage. Based on this fact, the rig design for the tests reported herein had only a pressure-side transverse velocity, and the suction side of the leakage gap was a "dump". Thus, leakage could be measured by simply collecting the leakage flow and measuring the discharge time--an accurate procedure.
The water-table test rig was designed based on the flow and geometric parameters of a typical Garrett turbine rotor. An important new feature designed into the rig was a provision for tip injection. In addition, careful attention was paid to providing dense instrumentation for measuring the gap static pressure distribution.
Rig Design and Features
The test section geometry was: ) was obtained from the rotor velocity diagram. The tip-injection parameters were scaled to correspond to actual engine coolant discharge conditions, i.e., a 1-percent leakage on the rig is equivalent to a 1-percent rotor-tip discharge flow relative to the primary flow. Figure 2 shows the assembled rig with a 12-inch long suction-side wier.
As shown in previous experiments, suction-side transverse-flow conditions were not found to be critical. Tip injection provisions are shown schematically in Figure 3 .
Tip Configurations
Five basic types of tip configuration concepts were studied analytically and experimentally, and are shown in Figure 3 . Pressure taps were located under the blade tip and within the through-flow region near the pressure surface of the tip across the length of the test section. The pressure was measured using a scani-valve setup with an automatic digital recorder unit.
Summary of the Test Procedure
Using the test assembly shown in Figure 2 , the mass flow discharging from under the tip was collected for a specified time and the leakage flow rate was computed. The pressure drop was based on the upstream gauge pressure --the discharge was ambient.
For tip injection studies, the leakage mass-flow rate is computed by:
where rtt ec is the tip discharge. The ideal leakage flow rate is computed using Bernoulli's equation and preserving tangential momentum.
Experimental Data Error Analysis
The experimental discharge coefficient can be simplified to the form
where W is the total weight of the leakage flow, t is the measured time, P is the pressure drop, and C I is a constant. Let 5C Table 1 shows the numerical and measured values of the discharge coefficient for no pressure-side through-flow tangential to the gap (i.e., nVi=0) with no tip injection. the singularity that exists at the sharp corners. The streamf unction at the sharp corner presents no problem, but there are several alternatives for the evaluation of the corner vorticity. In the present analysis, the discontinuous values of the corner vorticity are used. It appears that the error between the experiment and the analysis is a function of the number of corners being considered, the type of corner present, and the proximity of the corner nodes to each other (i.e., the resolution of the grid near the corners).
Of the five tip configurations studied, the baseline configuration two corner nodes are placed the farthest apart. Both the squealer tips and the winglet have four corners. In the case of the winglet, two nodes are very close to each other. With the machine core requirement limitations, it was not possible to define the corner nodes at the tip of the winglet as accurately as for the flat tip and the two squealer tips. Both the experiment and the analysis indicate that the leakage is a strong function of the sharp gradients at the inlet. This suggests that to obtain good numerical results, two items become critical: (1) fine resolution of the grid near the corner node and (2), a fairly accurate treatment of the corner vorticity modeling (13) . For most of the configurations, the first item criterion was met reasonably well. The velocity profiles at the inlet of the clearance space suggest that even though the discontinuous treatment of the vorticity at the corners produces good results, there is still enough scope to improve the numerical model at the corners.
Experimental and analytical results suggest that the Table 2 . Experimental and Numerical Results winglet configuration shows superior leakage performance.
(Tip Injection). The analytical results, which agreed well with trends of the experimental results, showed the best agreement with the flat tip. Supplemental analyses showed a sharp reduction in discharge coefficient with increasing cut height. Furthermore, analysis indicated that a longer, thinner pressure-side winglet tends to reduce the discharge coefficient slightly.
The average discharge coefficient with through-flow (rnp r i = 1.39 kg/s) was about 2-to 4-percent less than the discharge coefficient with ril Dr j = 0.0. For example, the discharge coefficient for the flat tip decreased to 0.834.
Experimentally, the effect of tip injection for a flat tip (stationary blade) is to reduce the leakage discharge coefficient from 0.851 to 0.786 (as shown in Table 2 ). This reduction, predicted by the analysis, is also shown in Table 2 .
The effect of increasing tip injection velocity was to reduce the discharge coefficient from 0.786 to 0.761. The analysis did not predict this reduction and had indicated no change. This discrepancy is believed to be due to a coarse computational mesh in the transverse direction. The results of the analysis show that at least five grid points are necessary across the secondary flow area to have a decent resolution of the secondary flow velocity. This is the most probable reason why the analytical results for a flat tip with two different slot areas show almost negligible differences in discharge coefficient. For the case of the narrow slot, only a 3-point grid was used across the slot resulting in a crude modeling of the physical injection conditions. This 3-point grid resulted in a triangular-shaped profile rather than a parabolic profile, and the sharp discontinuity in slope at the middle node caused propagation of numerical errors into the clearance gap downstream from the point of injection. Figure 5 shows the measured discharge coefficients for different tip discharge rates. Normally, the tip discharge rate at actual engine conditions is about 1 to 2 percent of the primary flow rate through the blade row. In this range, results showed that the performance increment at the 2-percent level is roughly equivalent between the flat tip, pressure-side winglet, and pressure-side cut.
It is obvious that this analysis technique is extremely powerful, and is capable of predicting a broader range of tip flow conditions than the current test rig permits. A primary example of this is the inability to measure effects of relative wall motion. The analysis was applied to predict the mutual effects of discharge, discharge angle, and relative wall speed. The flat tip results are summarized in Table 3 .
The discharge coefficients were reduced due to wall motion. In a turbine, where the suction side leads in the rotation, the leakage flow opposes the shear flow. Therefore, this flow has a retarding effect on the "pressure drop" leakage flow and results in a reduction of the discharge coefficient. Similarly, in a compressor (where the pressure side of the blade leads in the rotation), the viscous drag of the stationary wall moving relative to the blade tip causes a flow relative to the blade tip from the pressure to the suction side, thus producing an increase in discharge coefficient.
The effect of the wall speed on the performance of the other tips, causes them to retain the same order as those with no wall speed ( Table I ). The data obtained from the analysis for different tip injection angles, (3, is summarized in Table 3 . Injection angle is predicted to have a minimal effect for small tip discharge flow rate. Experimental correlation is not possible for these two cases, as no data is available at present. The case wall boundary layer flow impinges on the rotating blade. Only part of the computational domain upstream and downstream of the blade tips is shown in each figure, and the different tip configurations with wall motion are shown in Figures 7 through 10 . With tip injection for a stationary blade, the analysis shows that tip separation is accelerated, resulting in a larger separation bubble for the pressure-and suction-side cut blade tips. However, this separation bubble is not so predominant for the flat-tip stationary blade with tip injection (Figure 6C ). With a moving end wall (relative frame of reference), the dividing streamline along the suction surface side at the tip is pushed vigorously upwards into the flow field away from the shroud, and the shape of the discharge jet as the fluid exits from within the clearance gap is altered considerably. While the discharge jet flares for a stationary blade, rotation tends to reduce the flare ( Figures 6C and 6D) . Wall motion appears to separate the flow further, as indicated by the larger separation bubble on the pressure surface of the pressure-side cut (Figure 7) , while the separation region is greatly reduced on the suction surface of the suction-side cut (Figure 8) .
While tip injection with wall motion increases the size of the inlet separation from the pressure-side cut blade tip for all configurations, wall motion tends to strongly suppress the suction-side discharge effects.
Though no flow visualization experiments were conducted on the water rig, the stream function plots ( Figures 6A through 6D) show that the tip flow forms a thin jet that streams out into the main flow (suction side), maintaining its identity until it is rolled back by the main flow. It can be seen that after the jet is turned, it becomes a part of a turbulent cone flow (shown by analysis to be a vortex).
AV/ = 0, Us = -1.87 Figure 7 . Streamline Pressure-Side Cut. 
CONCLUSIONS
A numerical optimization technique and results for incompressible, laminar flow within tip clearance spaces of a conventional flat tip and four new tip configuration concepts using time-dependent finite-difference equations were determined. Conservative forms of the governing equations were used, with upwind-differencing for the advection terms. The transportive property of the differencing scheme was used to maintain the integral kinematic properties of the continuum solution. Particular attention was given to the boundary conditions --especially the vorticity at the sharp corner and the inflow and outflow boundaries. Using a water table rig, these results, with and without tip discharge for stationary blades were compared with those obtained by experiment on a scaled version of the blade tips. Typical streamline and velocity distributions were obtained for each of the different blade tip shapes. The separation patterns and vortex formation obtained agree, 'ell with those visualized experimentally by RainsUI/.
The modeling for the analysis approach was developed within a simplified framework. Simplifying elements included streamwise momentum decoupling, laminar flow, and decoupling from far-field boundary conditions (such as the annulus boundary layer, etc.). These simplifications were made consistent with the ability to verify the details of the solution.
The current analysis is now properly viewed as a starting point from which a more sophisticated rotor tip analysis may be developed. Refinements would include treating arbitrary wall motion, supplying an appropriate turbulence model, and introducing compressibility. Such additions must be accompanied by definitive experiments in which the overhead of the added sophistication may be verified and justified. This was sharply pin-pointed during the studies when an effort was made to predict the effect of turbulence on the flow. Increasing the viscosity by a factor of 50 in the separated zone for the suction-side squealer led to an increase of 0.01 for discharge coefficient. Thus, the additional sophistication of modeling afforded by an advanced turbulence model would not have been verifiable in the current study.
The numerical and experimental results suggest superior performance with the winglet configurations. This has been supported by experimental investigations( 1 9 12 ). The baseline numerical results showed excellent agreement with the water rig experiments. In general, the analysis showed similar qualitative trends as predicted from the experiment for all tip configurations. Tip discharge has a tendency to slightly reduce leakage flow. The tip discharge coefficient does not change significantly with tip injection angle. An increase in tip discharge velocity showed a slight decrease of the discharge coefficient. The analysis indicated that for the case of a turbine rotor, rotation will reduce leakage.
